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Abstract
In this paper the complementary hyperstructure obtained from a multiplicative hyperring is considered. Furthermore a character-
ization for such hyperstructures obtained starting from a strongly distributive multiplicative hyperring is given.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
In [1,2] some hyperstructures with complementary hyperoperations were deﬁned and studied; in this paper we
intend to study the complementary hyperstructure obtained from a multiplicative hyperring. Let us remember that a
multiplicative hyperring is an abelian group (A,+) in which a hyperoperation ◦ is deﬁned satisfying the following:
(1) ∀a, b, c ∈ A : a ◦ (b ◦ c) = (a ◦ b) ◦ c;
(2) ∀a, b, c ∈ A : (a + b) ◦ c ⊆ a ◦ c + b ◦ c, a ◦ (b + c) ⊆ a ◦ b + a ◦ c;
(3) ∀a, b ∈ A : (−a) ◦ b = a ◦ (−b) = −(a ◦ b).
Moreover we recall that, if (H, ◦) is a hyperstructure such that, ∀a, b ∈ H , a ◦ b = ∅, then it is possible to deﬁne the
complementary hyperstructure in the following way:
∀a, b ∈ H : a◦′b = C(a ◦ b) = H\(a ◦ b).
2. Properties and examples
If (A,+, ◦) is a multiplicative hyperring we can consider its complementary hyperstructure (A,+, ◦′) and study the
conditions under which this is a multiplicative hyperring.
First of all we remember that condition (1) in (A,+, ◦′) is equivalent (see [2]) to
(∗) ∀a, b, c ∈ A :
⋂
y∈C(a◦b)
y ◦ c =
⋂
x∈C(b◦c)
a ◦ x.
E-mail address: rita.procesi@uniroma1.it (R. Procesi).
0012-365X/$ - see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2006.11.032
R. Procesi, R. Rota / Discrete Mathematics 308 (2008) 188–191 189
In order to prove that (3) holds in (A,+, ◦′) we need the following lemma:
Lemma 1. If S is a subset of a group (G,+) and C(S) = G\S, then:
C(−S) = −C(S).
We can now prove the following proposition:
Proposition 1. If (A,+, ◦) is a multiplicative hyperring and (A,+, ◦′) its complementary hyperstructure, then:
(∗∗) ∀a, b ∈ A : (−a)◦′b = a◦′(−b) = −(a◦′b).
Proof. First of all, ∀a, b ∈ A:
(−a)◦′b = C((−a) ◦ b) = C(a ◦ (−b)) = a◦′(−b);
moreover, from the previous lemma we have
−(a◦′b) = −C(a ◦ b) = C(−(a ◦ b)) = C((−a) ◦ b) = (−a)◦′b
and this ends the proof. 
At this point we need to consider under which conditions right and/or left distributivity holds.
Let us consider some examples to show that the previous properties can or cannot hold.
Example 1. In F = GF(24), FZ2[x]/〈x4 + x + 1〉, the Galois ﬁeld of order 16, let us consider the subﬁeld E
of order 4; in [3] we proved that (F,+, ◦), where a ◦ b = abE, is a multiplicative hyperring. Denoting with ◦′ the
complementary hyperoperation, we can prove that (F,+, ◦′) is a multiplicative hyperring; by Proposition 1 we only
have to prove associative and distributive laws.
First of all, ∀a, b ∈ A, it results
(a◦′b)◦′c =
⋃
x /∈a◦b
C(x ◦ c) = C
( ⋂
x /∈a◦b
(x ◦ c)
)
= C{0} = F ∗,
a◦′(b◦′c) =
⋃
y /∈b◦c
C(a ◦ y) = C
⎛
⎝ ⋂
y /∈b◦c
(a ◦ y)
⎞
⎠= C{0} = F ∗,
thus the associative property holds.
As for distributive laws we can prove that, ∀a, b ∈ A:
(∗ ∗ ∗) a◦′c + b◦′c = CacE + CbcE = F .
In order to accomplish our goal we observe that, ∀x ∈ F , (xE,+) is a subgroup of (F,+) and xE∗ is a coset of
(E∗, ·) in (F ∗, ·); moreover, xE = yE implies xE ∩ yE = {0} since xE∗ ∩ yE∗ = ∅.
We must consider three possible cases:
(1) c = 0; obvious, since F ∗ + F ∗ = F ;
(2) acE=bcE; thenCacE is union of the three cosets of (acE,+) in (F,+) different from acE itself and the requested
equality holds;
(3) acE ∩ bcE = {0}; in this case F is direct sum of acE and bcE and this implies (***).
Example 2. Let us consider the multiplicative hyperring (A,+, ◦), where A = Z6 and, ∀a, b ∈ A, a ◦ b = ab + I ,
I = {0, 2, 4}; then the complementary hyperstructure (A,+, ◦′) is not a multiplicative hyperring.
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In fact, for example, the distributive law does not hold as
1◦′(3 + 4) = 1◦′1 = C(1 ◦ 1) = C{1, 3, 5} = {0, 2, 4},
1◦′3 + 1◦′4 = C(1 ◦ 3) + C(1 ◦ 4) = {0, 2, 4} + {1, 3, 5} = {1, 3, 5},
thus
1◦′(3 + 4)1◦′3 + 1◦′4.
Example 3. Let us consider the multiplicative hyperring (A,+, ◦), where A =Z5 and, ∀a, b ∈ A, a ◦ b = {ab, 2ab};
then the complementary hyperstructure (A,+, ◦′) is not a multiplicative hyperring.
In fact, for example, the associative law does not hold as
0◦′(2◦′3) = 0◦′C{1, 2} = 0◦′{0, 3, 4} = C{0} = {1, 2, 3, 4},
(0◦′2)◦′3 = {1, 2, 3, 4}◦′3 = C{3, 1} ∪ C{1, 2} ∪ C{4, 3} ∪ C{2, 4} = Z5,
thus
0◦′(2◦′3) = (0◦′2)◦′3.
3. A characterization
We now present a strongly distributive multiplicative hyperring whose complementary hyperstructure is also a
multiplicative hyperring and prove that this is a characterizing example.
In an abelian group (A,+) together with a non trivial subgroup S of index k greater than 2, let us deﬁne the following
hyperoperation:
∀a, b ∈ A : a ◦ b = S;
then (A,+, ◦) is a strongly distributive multiplicative hyperring and (A,+, ◦′) is a multiplictive hyperring.
First of all, ∀a, b ∈ A it results
(1) (a ◦ b) ◦ c =⋃x∈Sx ◦ c = S =⋃y∈Sa ◦ y = a ◦ (b ◦ c);
(2) a ◦ (b + c) = S = S + S = a ◦ b + a ◦ c;
(3) (−a) ◦ b = S = a ◦ (−b) = S = −S = −(a ◦ b).
Thus (A,+, ◦) is a strongly distributive multiplicative hyperring.
Let us prove that (A,+, ◦′) is a multiplictive hyperring; ∀ a, b ∈ A we have:
(1′) (a◦′b)◦′c =⋃x /∈Sx◦′c = CS =⋃y /∈Sa◦′y = a◦′(b◦′c);
(2′) a◦′(b + c) = C(a ◦ (b + c)) = CS, a◦′b + a◦′c = CS + CS = A,
where the last equality holds since CS is union of k − 12 cosets.
We have then proved that a◦′(b + c) ⊂ a◦′b + a◦′c;
(3′) Proposition 1 implies that (−a)◦′b = a◦′(−b) = −(a◦′b).
The previous case is unique as the following characterization theorem proves:
Theorem 1. If (A,+, ◦) is a strongly distributive multiplicative hyperring, then (A,+, ◦′) is a multiplicative hyperring
if, and only if, ∀a, b ∈ A, a ◦ b = S where S is a non trivial subgroup of (A,+) of index at least 3.
Proof. The previous example proves one of the implications; let us prove the other.
To do this we now suppose that (A,+, ◦′) is a multiplicative hyperring; thus associative law holds and it results,
∀a ∈ A:
(a◦′0)◦′0 = a◦′(0◦′0).
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Let us remember [3] that in a strongly distributive multiplicative hyperring (A,+, ◦), ∀a ∈ A, the following equality
holds:
a ◦ 0 = 0 ◦ 0 = 0 ◦ a,
where the set 0 ◦ 0 is a subgroup of (A,+); thus, in the complementary hyperstructure (A,+, ◦′) it results, ∀a ∈ A:
a◦′0 = 0◦′0 = 0◦′a.
From all that has been said we have⋃
y∈0◦′0
a◦′y = a◦′(0◦′0) = (a◦′0)◦′0 = (0◦′0)◦′0 =
⋃
x /∈0◦0
x◦′0 = 0◦′0,
that is
C
⋂
y∈0◦′0
(a ◦ y) =
⋃
y∈0◦′0
C(a ◦ y) = C(0 ◦ 0),
thus, ⋂
y /∈0◦0
(a ◦ y) = 0 ◦ 0.
At this point we must remember also that, ∀a, b ∈ A, a ◦ b = c + 0 ◦ 0, c ∈ a ◦ b, that is all hyperproducts are cosets
of the subgroup 0 ◦ 0. Thus,⋂
y /∈0◦0
(a ◦ y) = 0 ◦ 0 ⇒ a ◦ b = 0 ◦ 0, ∀a, b ∈ A.
Denoting S = 0 ◦ 0, let us ﬁnally prove that [A : S]3; in fact, ∀a, b, c ∈ A:
CS = (a◦′(b + c)) ⊆ a◦′b + a◦′c = CS + CS
and this is possible only if [A : S]3. In fact in the case [A : S] = 2 it results
CS + CS = S,
while the case [A : S] = 1, that is A = S, cannot be considered as, in this case, it would be a◦′b = ∅, ∀a, b ∈ A and
this ends the proof. 
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